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Electronic structure calculations for solids based on many-electron wavefunctions have been ham-
pered by the argument that for large electron numbers wavefunctions are not a legitimate scientific
concept, because they face an exponential wall problem. We show that this problem can be avoided
by using cumulant techniques in formulating wavefunctions. Therefore calculations for solids based
on many-electron functions are possible and useful. This includes also systems with strongly corre-
lated electrons.
Electronic-structure calculations are one of the most
important and active fields not only in condensed matter
physics but also in chemistry from where they originate.
They began shortly after Heisenberg1 and Schro¨dinger2
developed the quantum mechanical tools for treating
atomic systems. The first molecule which was treated
was naturally H2 with two electrons only. Two approx-
imations were applied which differ in the way the mu-
tual electron repulsion is treated. In the historically first
treatment of Heitler and London3 electron repulsions are
considered more important than their kinetic energy and
therefore the quantum mechanical wavefunction does not
contain any ionic configurationsH+−H− but onlyH−H
ones. This is what we would call now the strong corre-
lation limit. This line of approximations was later ex-
tended by Pauling’s resonating bond theory4 or Ander-
son’s approach to the high-temperature superconducting
cuprates5. Also the Zhang-Rice singlet6 in these cuprates
belongs to that category.
The second approach due to Hund7 and Mulliken8
treats the electron repulsions as being secondary and cor-
respondingly in a mean-field approximation. The two
electrons occupy a molecular orbital and the weight of
ionic configuration H+ −H− is as large as that of neu-
tral atoms H − H . This approach was generalized by
the Hartree-Fock theory9,10 and has found rich applica-
tions in chemistry and solids both, on an ab initio and
on a semiempirical level. In Hartree-Fock approximation
the electrons remain uncorrelated. In reality a system is
always between the Heitler-London and Hund-Mulliken
limit and therefore the question arises how to interpo-
late between the two limits. One way is to improve a
self-consistent field (SCF) wavefunction by adding con-
figurational interaction (CI) terms to it. This has been
a highly accurate method employed in quantum chem-
istry for the treatment of small molecules11. However, for
solids density-functional theory (DFT)12 has triggered
a revolution in electronic structure theory, in particular
since it could be combined with linearized methods for
solving the Kohn-Sham equations13,14, the heart of DFT.
This success has also made by now DFT the most applied
method in chemistry too.
The Kohn-Sham equations and their use show that it is
basically a mean-field theory. However, it contains effects
of electron correlations by the choice of the exchange-
correlation potential vxc(r). It does not make any state-
ment about the form of the many-electron wavefunction.
Thus it is very different from a MO or HF theory. De-
spite this enormous success, DFT has also some weak-
nesses, which are difficult to correct. A general one is
that its results depends on the choice of the exchange-
correlation potential vxc(r). Thus any approximation to
it is essentially uncontrolled and difficult to improve when
it does not work very well. This is, e.g., the case for
strongly correlated electron systems like the ones with
heavy quasiparticles15. Although it is a theory for the
ground state, the Kohn-Sham equations have also been
applied to bandstructures. Here well known problems
with the size of band gaps do appear16.
This suggests to develop in parallel with DFT also
electronic structure calculations based on many-body
wavefunctions. However, this development has been
hampered by an argument put forward that the many-
electron wavefunction ψ (r1σ1, . . . , rNσN ) for a system of
N electrons is not a legitimate scientific concept, when
N ≥ N0 where N0 ≈ 10
3.17 With legitimacy it is meant
in this context that (a) one must be able to calculate
ψ (r1σ1, . . . , rNσN ) with sufficient accuracy and (b) that
the wavefunction can be recorded sufficiently well so that
it can be reproduced at later times.
The argument brought forward for (a) is that the over-
lap of any calculated ground-state wavefunction ψcal with
the exact one ψ0 is |〈ψ0|ψcal〉| = (1 − ǫ)
N and therefore
goes to zero when N → ∞. Here ǫ is the minimum er-
ror one has to deal with, when for a small system the
exact wavefunction is approximated by a calculated one.
The nearly vanishing overlap is considered as evidence,
that the many-body wavefunction cannot be calculated
with sufficient accuracy. This argument will be scruti-
nized. Concerning (b) it is noticed that when it takes
m bits to describe one electron, the total number of bits
grows asmN for anN electron system. Thus it cannot be
recorded for large values of N . The exponential decrease
with N of the overlap of an approximate with the exact
wavefunction and the exponential growth of bits required
to record the many-electron wavefunction are called the
exponential wall one is facing when using many-electron
wavefunctions.
Before we discuss the elimination of the exponential
wall we recall the exponential redundancy of informa-
tion which the wavefunction of the above type has. As-
sume that we deal with N non-interacting atoms, e.g.,
2He atoms, with a single two-particle excitation added to
the SCF ground state for its improvement. In this case
the total wavefunction contains 2N terms. However, the
only relevant information is the actual amplitude of the
admixed two-particle excitation to the SCF ground state,
i.e., the wavefunction of a single He atom. Therefore
we must search for a representation in which only the
important information is contained with the remaining
redundancy eliminated. This is achieved by employing
cumulants.
Cumulants have played a role in physics and chemistry
for a long time. Kubo18 explored and demonstrated their
usefulness in various branches of physics and chemistry.
With their help he gave, e.g., an elegant derivation of the
Ursell-Mayer cluster expansion19 for classical and quan-
tum gases. He pointed out that“generalized cumulant
expansions provide us with a point of view from which
many existent methods in quantum mechanics and sta-
tistical mechanics can be unified”. We use them here
in order to express the many-electron wavefunction in a
form which is free of the exponential wall and therefore
well suited for electronic structure calculations for large
systems including solids. This is possible since cumulants
deal only with statistically connected processes and elim-
inate this way exponential redundancies of information.
Cumulant wave operator
For the definition of cumulants and some of their prop-
erties we refer to the literature16,18,20. Here it suffices to
write down the cumulant of the product of two operators
A1A2 formed with two vectors in Hilbert space φ1 and
φ2 with nonzero overlap 〈φ1|φ2〉 6= 0,
〈φ1|A1A2|φ2〉
c =
〈φ1|A1A2|φ2〉
〈φ1|φ2〉
−
〈φ1|A1|φ2〉
〈φ1|φ2〉
×
〈φ1|A2|φ2〉
〈φ1|φ2〉
.
(1)
Furthermore 〈φ1|A|φ2〉
c = 〈φ1|A|φ2〉/〈φ1|φ2〉 and
〈φ1|1|φ2〉
c = ln〈φ1|φ2〉. Eq. (1) demonstrates the most
important feature which is that the cumulant of a ma-
trix element keeps only those contributions which cannot
be factorized. We want to transform the vector φ2 into
another vector ψ by a sequence of infinitesimal transfor-
mations φ′2 = e
δSφ2 = (1 + δS)φ2 with δS = ǫS, ǫ ≪ 1.
Then an expression of the form 〈φ1|A|φ2〉 transforms into
〈φ1|A|ψ〉 = 〈φ1|AΩ|φ2〉
c (2)
with Ω = lim
L→∞
L∏
i=1
(1 + δSi). A derivation of this ex-
pression is found in Ref. 20. We apply these findings
to electronic wavefunctions by identifying |φ1〉 with the
SCF ground state |Φ0〉 and |ψ〉 with the wavefunction
|ψ0〉 of the exact ground state. Conventionally a wave-
or Moeller operator Ω˜ is defined which connects the two,
i.e., |ψ0〉 = Ω˜|Φ0〉. Therefore we call Ω in Eq. (2) which
transforms Φ0 into ψ0 the cumulant wave operator. It is
a vector in operator space with the metric
(A|B) = 〈Φ0|A
+B|Φ0〉
c . (3)
When A is identified with the Hamiltonian H we obtain
immediately for the ground-state energy
E0 = 〈Φ0|HΩ|Φ0〉
c
= (H |Ω) . (4)
Note that |Ω) is not unique since the transformation
from |Φ0〉 to |ψ0〉 may take place along different paths
in Hilbert space. Yet, independent of any choice of |Ω)
all cumulants calculated with it are independent of the
chosen path.
Avoiding the exponential wall
Instead of characterizing the ground-state wavefunc-
tion of an electron system by a vector |ψ0〉 in Hilbert
space we define it by the cumulant wave operator |Ω)
in operator space with the (cumulant) metric (3). We
sum the infinitesimal transformations discussed before
and write
|Ω) = |1 + S) (5)
where |S) is the cumulant scattering matrix. As shown
in Ref. 20 it has the form of a resolvent. When H is
divided into a SCF and a residual interaction part, i.e.,
H = HSCF +Hres this form is
|S) = lim
z→0
∣∣∣∣ 1z −HHres
)
. (6)
Thus S can be expanded in powers of Hres if required. A
powerful tool for the determination of |S) is the use of
the decomposition
|S) =
∣∣∣∣∣∣
∑
I
SI +
∑
〈IJ〉
δSIJ +
∑
〈IJK〉
δSIJK + . . .

 (7)
with site indices IKL. Furthermore δSIJ = SIJ−SI−SJ
and correspondingly for δSIJK . The different contribu-
tions to |S) involve only a small number of electrons each.
Before we discuss their determination we want first to
point out that by the use of cumulants the exponential
walls do not appear and therefore don’t pose any prob-
lem. The following relations hold between the vectors
|ψ0〉 and |Φ0〉 in Hilbert space and the cumulant wave-
operator Ω
3|ψ0,norm〉 =
|ψ0〉
〈Φ0|ψo〉
= ∇Φ0〈Φ0|1|ψ0〉
c
= ∇leftΦ0〈Φ0|Ω|Φ0〉
c . (8)
Since for a cumulant 〈φ1|A1A2|αφ2〉
c = 〈φ1|A1A2|φ2〉
c,
differences in 〈Φ0|ψ0〉 when approximations for |ψ0〉 are
being made, are unimportant. They don’t appear in
cumulant representation. This removes the exponential
wall problem (a).
Next we have to show that |S) can be calculated with
sufficient accuracy and can be well recorded, i.e., it does
not require an exponential increase in the number of bits
as N increases.
Evaluation and application of the cumulant
scattering matrix
First we consider the evaluation of the one-site scat-
tering matrix SI . We express |Φ0〉 in terms of occupied
localized (Wannier) orbitals. The latter are usually ex-
pressed in Gaussian type orbitals (GTO’s) forming the
basis set. Their number depends on the desired degree
of accuracy of the results. All electrons in these Wannier
orbitals are kept frozen except those in orbitals centered
at site I. These are correlated among each other and the
number of configurations included depends on the size of
the basis set.
For strongly correlated electrons we can identify SI
with complete active space SCF (CASSCF) calculations
for electrons on that site. This provides for a suitable
way of treating strongly correlated electrons in a solid
with quantum chemical methods. We do not know of an
alternative way of setting up CAS-SCF calculations for
an infinite solid. Each term SI contributes according to
(4) an increment ǫI to the correlation energy. Dealing
hereby with cumulants poses no problem. When matrix
elements are computed one merely has to consider com-
pletely linked contractions of operators only and to dis-
card all other contributions. Similarly SIJ is calculated
by keeping all electrons in Wannier orbitals frozen except
those centered at sites I and J . They are simultaneously
correlated and yield a contribution ǫIJ to the correlation
energy. The method of increments21 is a rather power-
ful and accurate scheme22. It is usually fast convergent
as long as the system has an excitation gap. Already
terms δSIJK give usually small corrections to the corre-
lation energy. Metals require special attention because
Wannier orbitals for partially filled bands are not well
localized23. More details concerning |S) are found in24.
The point we want to emphasize is that a documenta-
tion of the results for the different contributions to |S)
poses no problem. Only a relatively small number of
electrons is involved in each increment and the number
of basis functions, i.e., GTO’s for a given site and its
surroundings is small. It does not change when the total
electron number N is increased. There is no exponential
bit increase with increasing electron number because all
redundancies have been removed. Thus there is no prin-
ciple obstacle which prevents us from many-body wave-
function based electronic structure calculations. In fact,
a number of systems have already been studied by using
the method of increments and results, e.g., for the bind-
ing energy, force constant et cetera24–26. They have been
compared favourably with DFT results25. The incremen-
tal decomposition of the energy resembles the Bethe-
Goldstone expansion27 from nuclear physics. Yet, the
determination of the many-body wavefunction stressed
here is hardly possible in this approach. Because of the
exponential wall argument these calculations have been
considered as justified only for relatively small clusters.
As shown here this is not the case.
Summarizing we reemphasize that by defining the
many-electron wavefunction through the cumulant wave
operator |Ω) instead of a vector |ψ0〉 in Hilbert space
we avoid the exponential wall connected with the latter.
This removes a hindrance for wavefunction based elec-
tronic structure calculations of solids. It also allows for
including solids with strongly correlated electrons in this
scheme.
Acknowledgement
I would like to thank K. Kladko for extensive discus-
sions on cumulants and H. Stoll for a long standing co-
operation on the subject of this paper.
1 Heisenberg, W., U¨ber quantentheoretische Umdeutung
kinematischer und mechanischer Beziehungen, Z. Phys. 33,
879 (1925)
2 Schro¨dinger, E., Quantisierung als Eigenwertproblem,
Ann. Phys. 79, 361 (1926)
3 Heitler, W, and London, F., Wechselwirkung neutraler
Atome und homo¨opolare Bindung nach der Quanten-
mechanik, Z. Phys. 44, 455 (1927)
4 Pauling, L., The Nature of the Chemical Bond and the
Structure of Molecules and Crystals, 3rd ed. (Cornell Uni-
versity Press, Ithaca, NY) (1960)
5 Anderson, P. W., The resonating valence bond state in
La2CuO4 and superconductivity, Science 235, 1196 (1987)
6 Zhang, F., and Rice, T, M., Effective Hamiltonian for the
Superconducting Cu Oxides, Phys. Rev. B 37, 3759 (1988)
7 Hund, F., Zur Deutung einiger Erscheinungen in den
4Moleku¨lspektren, Z. Phys. 36, 657 (1926)
8 Mulliken, R. S., The assignment of quantum numbers for
molecules, Phys. Rev. 32, 186 (1928)
9 Hartree, D. R., The wave mechanics of an atom with a
non-Coulomb central field, Part I and II, Proc. Cambridge
Philos. Soc. 24, 89 and 111 (1928)
10 Fock, V., Approximation method for the solution of the
quantummechanical multibody problems, Z. Phys. 61, 126
(1930)
11 Boys, S. F., Electronic Wavefunctions. A general method
of calculation of stationary states of any molecular system,
Proc. Royal Soc. (London) A 200, 542 (1950)
12 Hohenberg, P., and Kohn, W., Inhomogeneous electron
gas, Phys. Rev. B 136, 864 (1964)
13 Kohn, W., and Sham, L., Self-consistent equations includ-
ing exchange and correlation effects, Phys. Rev. 140, 1133
(1965)
14 Andersen O. K., Linear methods in band theory, Phys.
Rev. B 12, 3060 (1975)
15 Zwicknagl, G., Quasiparticles in heavy fermion systems,
Adv. Phys. 41, 203 (1992)
16 see, e.g., Fulde, P., Electron Correlations in Molecules and
Solids, Springer Series in Solid State Sciences, Vol. 100,
3rd ed. (Springer, Heidelberg) (1995)
17 Kohn, W., Nobel Lecture: Electronic structure of matter-
wave functions and density functionals, Rev. Mod. Phys.
71, 1253 (1999)
18 Kubo, R., Generalized cumulant expansion method, J.
Phys. Soc. Jpn. 17, 1100 (1962)
19 see, e.g., Mayer, J. E., and Mayer M. G., Statistical Mech-
naics, Chapter 13 (John Wiley and Sohns, Inc.) (1940)
20 Kladko, K., and Fulde, P., On the properties of cumulant
expansions, Int. J. Quantum Chem. 66, 377 (1998)
21 Stoll, H., Correlation energy of diamond, Phys. Rev. B 46,
6700 (1992)
22 Stoll, H., Paulus, B., and Fulde, P., On the accuracy of
correlation energy expansions in terms of local increments,
J. Chem. Phys. 123, 144108 (2005)
23 Kohn, W., Construction of Wannier functions and appli-
cations to energy bands, Phys. Rev. B 7, 4388 (1973)
24 Fulde, P., Correlated electrons in quantum matter, (World
Scientific, Singapore) (2012)
25 Paulus, B., and Stoll, H., The method of increments: a
wavefunction-based correlation method for extended sys-
tems, in Accurate condensed-phase quantum chemistry, ed.
by Manby, F. R. (CRC Press, Boca Raton) (2010)
26 Schu¨tz, M., Hetzer, G., and Werner, H. J., Low-order scal-
ing local correlation methods. I. Linear scaling local MP2,
J. Chem. Phys. 111, 5691 (1999)
27 Bethe, H. A., and Goldstone, J., Effect of a repulsive core
in the theory of complex nuclei, Proc. R. Soc. A (London)
238, 55 (1957)
